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Abstract 

Within one loop approximation, the renormalization group analysis of the Higgs boson 
mass is performed with an initial condition induced by ra H = \f2m w which is presented in 
the new scheme of our noncommutative differential geometry for the reconstruction of the 
standard model. This initial condition holds at energy derived from g 2 = (5/3)g 12 with the 
running SXJ(2) L and U(l) y gauge coupling constants, sin 2 9 W = 3/8 is obtained under same 
conditions. However, contrary to SU(5) GUT without supcrsymmetry, the grand unifica- 
tion of coupling constant is not realized in this scheme. The physical mass of the Higgs 
boson considerably depends on the top quark mass m top since the top quark Yukawa cou- 
pling constants gives a large negative contribution to (3 function of the Higgs quartic coupling 
constant in wide range. The Higgs boson mass varies from 153.42GeV to 191.94GeV corre- 
sponding to 168GeV < mtop < 192GeV. We find m H = 164.01GcV for m fop = 175GeV and 
m H = 171.92GeV for m top = 180GeV. 

PACS number(s): 11.15.Ex,02.40.-k,12.15.-y,12.10.Kt 
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1 Introduction 

Noncommutative differential geometry (NCG) on the discrete space such as M4 x Z 2 and, in general, 
A/4 x Zn(N = 2, 3,- • •) ; Minkowski space multiplied by several points space allows one to regard the 
Higgs field as the gauge field on the same footing as the ordinary gauge field. A number of articles in 
various versions of NCG [0-(l3| have confirmed this fact by reconstructing the standard model and the 
grand unified theory (GUT) []3j, JtJ, || without any theoretical and experimental contradictions. This 
is because the NCG approach to understand the Higgs mechanism apparently shows the reason for the 
existence of the Higgs boson field and, in addition, it does not requires any other extra physical mode 
except for those in the standard model and GUT. 

The bosonic Lagrangian of the spontaneously broken gauge theory derived from the NCG approach 
has the restrictions on the gauge and the Higgs quartic coupling constants. These restrictions yield the 
numerical estimate of the Weinberg angle and the mass relation between the Higgs boson and other 
particle such as gauge boson and top quark, though these relations hold only in tree level. Several works 
have been done jyj, to estimate the quantum effects of these relations by assuming them to hold 
at some renormalization point. Shinohara, Nishida, Tanaka and Sogami ]l2| have recently calculated in 
a very clear formulation the renormalization group (RG) evolution of the mass relation m# = \^2mt op 
for the Higgs boson and top quark, which was proposed by Sogami Jl3[ in a variant of NCG with the 
generalized covariant derivative with gauge and Higgs boson fields operating on the total fermion field. 

Since Connes proposed the first idea [|J concerning NCG, many versions of the NCG approach fl-fbl 
have appeared to understand the Higgs mechanism, among which the present author Q has also 
proposed a characteristic formulation of NCG. Our formulation of a NCG is a generalization of the usual 
differential geometry on an ordinary manifold to the discrete manifold M4 x Zn- The reconstruction of 
SO(10) GUT H and left-right symmetric gauge model ^ had been already performed according to our 
NCG scheme. In a NCG on M4 x Z 2 , the extra differential one- form \ m ^2 is introduced in addition 
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to the usual one- form dx^ in M4, and therefore our formulation is very similar to ordinary differential 
geometry, whereas, in Connes'original one and his follower's NCG, the Dirac matrices 7^ and 75 are used 
to describe the generalized gauge field. In a NCG, the gauge and the Higgs boson fields are given as 
coefficients of dx^ and x m the generalized connection on M4 x Z2, respectively. However, there is no 
symmetry to mix dx^ and \i and, therefore, the ordinary gauge field can not be transformed to the Higgs 
boson field. In Ref . |lC|] , three generations of fermions including left and right-handed quarks and leptons 
and the strong interaction are incorporated in a new scheme of our NCG to reconstruct the standard 
model. By setting coupling constants on the y = + and y = — planes with an argument y{= ±) in 
to be equal, we could obtain sin 2 Ow = 3/8 and vhh — y/2mw- Following Shinohara and co-workers fll^l , 
we will perform in this article the RG analysis of the mass relation ran = \/2mw for the gauge and 
Higgs bosons, which holds at the energy derived from g 1 = (5/3)<?' 2 as for the runn ing SU(2) L and U(1) Y 
gauge coupling constants. In other version of NCG including Sogami's approach |I3| , the mass relation 
between the Higgs boson and top quark is presented, whereas ours is the mass relation between the Higgs 
and charged gauge bosons. This is because the Yukawa coupling constants written in matrix form in the 
generation space are not contained in the generalized gauge field in our formulation. 

This article consists of five sections. The next section presents the brief review of our new scheme of 
a NCG in Ref.[^0) which incorporates the strong interaction. In the third section, the reconstruction of 
the standard model based on the new scheme of our NCG presented in the second section is reviewed. 
A characteristic point is to take the fermion field to be a vector in 24-dimensional space containing color 
and three generations indices. The fourth section, the main section in this paper, includes the numerical 
estimation of the RG evolution of the mass relation ttlh = ^/2mw on the assumption that it holds at a 
energy of g 2 = (5/3)c/ 2 with 811(2)^ and U(l) gauge coupling constants. The last section is devoted to 
concluding remarks. 



2 Our NCG on M 4 x Z 2 



We review our previous formulation JlO| proposed to reconstruct the standard model in which three 
generations of left and right-handed quarks and leptons are taken into account and also the strong 
interaction is incorporated. A characteristic point of this formulation is to take the left and right-handed 
fermions ip(x,y) with arguments x and y(— ±) in M4 and Z2, respectively as 



tp(x, -) 





d« 
d b 

R 



(2.1) 






where subscripts L and R denote the left-handed and right-handed fermions, respectively and superscripts 
r, g and b represent the color indices. It should be noticed that ip(x,y) has the index for the three 
generation and so do the explicit expressions for fermions on the right hand sides of Eq.(2.1). In the 
strict expressions, u, d, v and e in Eq.( |2.f| ) should be replaced by 



(2.2) 



respectively. Thus, ip(x, ±) is a vector in the 24-dimensional space. In order to construct the Dirac La- 
grangian of standard model corresponding to ip(x,±) in Eqs.(2.f ), we must need 24-dimensional general- 
ized covariant derivative composed of gauge and Higgs fields on M4 x Z2 ■ This is achieved by developing 
a NCG on the discrete space in the follows. 

Let us start with the equation of the generalized gauge field A(x, y) written in one-form on the discrete 
space M4 x Z2- 

A{x,y) = ^a\(x 1 y)da. l {x 1 y) +^b]{x,y)db J (x 1 y), (2.3) 
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where di(x, y) and bj(x,y) are the square-matrix- valued functions and are taken so as to commute with 
each other, because i a t( x i y)doi(x, y) is the flavor sector including the flavor gauge and the Higgs fields 
and bj(x, y)dbj(x, y) correspond with color gauge field, i and j are variables of the extra internal 



space which we can not now identify, d in Eq. (2.3) is the generalized exterior derivative defined as 
follows. 

d = d + d x , (2.4) 

dai(x,y) — d ft ai(x,y)dx^ 1 , (2.5) 

d x cii(x,y) = [-Oi(x,y)M(y) + M(y)ai(x,-y)]x, (2.6) 

db J (x 1 y)=d tl b J {x,y)dx f * (2.7) 

d x b j (x,y) = 0. (2.8) 

Here dx^ is ordinary one- form basis, taken to be dimensionless, in Minkowski space M4, and x is the 
one-form basis, assumed to be also dimensionless, in the discrete space Z2. If the operator d y is defined 
as 

d y Oi(x, y) = [-ai(x, y)M(y) + M{y)a i {x 1 -y)], (2.9) 



Eq.(2.6) is rewritten as 

d x a t (x, y) = d y Oi(x, y)x, (2.10) 



just in the same form as in Eq.( |2.5| ). The ope rator d y is a difference operator on the discrete space 



with the modification by M(y). M(y) in Eq^^) is required because di(x, +) and ai(x, —) are in general 
square matrices with different degree and, therefore, M(y) ensures the consistent calculations of matrices. 
d y in Z2 is an alternative of <9 M in M4. We have introduced ^-independent matrix M(y) whose hermitian 
conjugation is given by M(yy = M{— y). The matrix M( y) d etermines the scale and pattern of the 
spontaneous breakdown of the gauge symmetry. Thus, Eq.( [2.8[ ) means that the color symmetry of the 
strong interaction does not break spontaneously. 

In order to find the explicit forms of gauge and Higgs fields according to Eq. (|2.3|) , we need the following 



important algebraic rule of non-commutative geometry. 

f(x,y)x = xf(x,-y), (2.11) 

where f(x,y) is a field defined on the discrete space such as a,i(x,y), gauge field, Higgs field or fermion 



fields. It should be noticed that Eq.(2.11) does not express the relation between the matrix elements 



of f(x, +) and f(x, — ) bu t ins ures the product between the fields exp ress e d in differential form on the 



discrete space. Using Eq.( 2.11 ) and some other algebraic rules in Eqs.(2 ; 4)-(2 ; 8), A(x,y) is rewritten as 

A(x, y) = A^x, y)dx» + $(x, y) X + G^{x)dx^ (2.12) 

where 

A ^{x,y) = ^2a\(x,y)d fl a i (x,y), (2.13) 

i 

$(x, y)=J2 a ^ x ' y) (- a i( x > v) M (y) + M(y)ai(x, -y)) 

■i 

= al{x,y)d y ai(x,y), (2.14) 

G^(x) = J2^ j (x)d fi b j (x). (2.15) 
3 

A^(x,y), $(x,y) and G^x) are identified with the gauge field in the flavor symmetry, Higgs fields, and 
the color gauge field responsible for the strong interaction, respectively. 

In order to identify A^(x,y) and G^(x) with true gauge fields, the following conditions have to be 
imposed. 

^2 a *( x ' V) a ^ x i V) = ( 2 - 16 ) 



J2b](x)b j (x) = ± (2.17) 
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where g s is a constant related to the coupling constant of the strong interaction. 

Before constructing the gauge covariant field strength, we address the gauge transformation of a,i(x, y) 
and bj(x) which is defined as 



a i( x ,v) = o,i(x,y)g f (x ) y) ) 
b j( x ) = b j(x)g c (x), 



(2.18) 



where gf(x,y) and g c {x) are the gauge functions with respect to the flavor unitary group and the color 
SU(3) C group, respectively. It should be noticed that g c (x) can be taken to commute with a,i(x,y) and 
M(y) and at the same time gj{x,y) is taken to commute with bj(x). gf(x,y) and g c (x) commute with 
each other. Then, we obtain the gauge transformation of A(x, y) to be 

A 9 (x,y) = gJ 1 (x,y)g~ 1 (x)A(x ) y)g f (x,y)g c (x)+gJ 1 (x ) y)dg f (x ) y) + — g- 1 (x)dg c (x), (2.19) 

9s 



where use has been made of Eq^^) and Eq. ( 2.1q ), and as in Eqs^^) and (2.6), 

dgf(x, y) = df,g f {x, y)dx l± + d y g f {x, y)x 



(2.20) 



with the operator d y defined in Eq.(^9|). Using Eqs.( [2.19"| ) and ( 2.20| ), we can find the gauge transforma- 
tions of gauge and Higgs fields as 



A l{x, y) = g f 1 (x, y)A^(x, y)g f (x 1 y) + g } 1 (x, y)d^g f (x, y), 
& g (x,y) = gj 1 (x,y)<P(x,y)g f (x,-y) + gj 1 (x,y)d y g f (x,y), 

Gl{x) = g~ 1 {x)G t ,(x)g c (x) + —g~ 1 (x)d fl g c (x). 



(2.21) 
(2.22) 

(2.23) 



Equation ^. 22 ) is very similar to two other equations and so it strongly indicates that the Higgs field is 
a kind of gauge field on the discrete space. From Eqs.( [2.20 ) and (2.22) it is rewritten as 

&(x, y) + M(y) = gj\x, y)(<P(x, y) + M(y))g f (x, -y), (2.24) 

which makes it obvious that 

H(x,y)=$(x,y) + M(y) (2.25) 

is un-shifted Higgs field whereas <P(x, y) denotes shifted one with the vanishing vacuum expectation value. 
In addition to the algebraic rules in Eqs.(2.4)-(2.8) we add one more important rule that 



d x M{y) = M(y)M(-y) X 



(2.26) 



which yields together with Eqs.( |2.4| )-(2.8) the nilpotency of the generalized exterior derivative d; 

d 2 /(x, y) = (d 2 + dd x + d x d + d 2 x )f(x, y) = (2.27) 

with the condition dx^ A \ = ~ X A dx^ . In proving the nilpotency, the following rule must be taken into 
account that whenever the d x operation jumps over M(y), minus sign is attached, for example 

d x {a(x,y)M(y)b(x,-y)} = (d x a(x, y))M(y)b(x, -y) 

+a{x, y)(d x M(y))b(x, -y) - a(x, y)M{y)(d x b(x, -y)). (2.28) 

With these considerations we can construct the gauge covariant field strength. 

F(x,y)=F(x,y) + g(x), (2.29) 

where F(x, y) and Q{x) are the field strengths of flavor and color gauge fields, respectively and given as 

F(x, y) = dA(x, y) + A(x, y) A A(x, y), 

g(x) = dG(x) + g s G{x) A G(x), (2.30) 

where it should be noted that dA(x, y) — J^i daj(x, y) A dai(x, y) and dG(x) — ^ . db^(x) A dbj(x) are 
followed because of the nilpotency of d and d. We can easily find the gauge transformation of T[x, y) as 



F 9 (x,y)=g 1 (x,y)T(x,y)g(x,y), 



(2.31) 
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where g(x,y) — gf(x,y)g c (x). The algebraic rules defined in Eqs.(2.4)-( |2.11 ) and ( |2.26 ) yield 



F{x,y) = -F^(x,y)dx» Adx v +D fl $(x,y)dx> M A X + V(x,y) X /\X, (2-32) 



where 



F»v(x,y) = d ll A v (x ) y) - d v A^,{x,y) + [A^{x,y), A^{x,y)], (2.33) 
D^(x, y) = d^(x, y) + A^x, y){M{y) + <P(x, y)) - ($(x, y) + M(y))A„(x, -y), (2.34) 
V(x, y) = (<%, y) + M(y))(${x, -y) + M{-y)) - Y(x, y). (2.35) 



Y(x, y) in Eq.( [2.35" ) is auxiliary field and expressed as 

Y(x,y) =J2 a t( x ,y) M (y) M (-yX x >v), (2.36) 

i 

which may be independent or dependent of <I>(x, y) and/or may be a constant field. In contrast to F (x, y), 
Q{x) is simply denoted as 



G{x) = -G^(x)dx» Adx" 



= -{drG v (x)-d v Gp(x)+g a [G^x),G^x)]}da?Adx". (2.37) 

With the same metric structure on the discrete space M4 x Z2 as in Ref.|| that 

< dx^ dx v >= g» v , gT = diag(l, -1, -1, -1), 

< x, cfe M >= 0, 

<X,X>=-1 (2.38) 
we can obtain the gauge invariant Yang-Mills- Higgs lagrangian(YMH) 

v=± g y 

= -Tr^^^^y^^y) 

ij=± 9y 

+Tr \(D^{ Xl y))iD»$(x, y) 



v =± 9y 
-TrJ2\v^{x,y)V{x,y) 



y =± 9y 



-Ti^i^^W, (2.39) 



v =± 2 9y 

where g v is a constant relating to the coupling constant of the flavor gauge field and Tr denotes the trace 
over internal symmetry matrices including the color, flavor symmetries and generation space. The third 
term on the right hand side is the potential term of Higgs particle. 

The fermion sector of the standard model was also reconstructed in Ref.|l(|. However, it is not 
presented in this article because it is not necessary to perform the RG analysis. With these preparations, 
we can apply the formulation in this section to reconstruction of the Yang-Mills- Higgs Lagrangian in the 
standard model. 

3 Reconstruction of standard model 

According to a NCG in the previous section, the standard model is reconstructed. This section is also 
the review of Ref . [flO| . The gauge fields A^x, y) a nd G u (x) in t he covariant derivative must be the 



differential representation of the fermion fields in Eqs.(2.1) and (2.2) and, therefore, they are expressed in 
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24 x 24 matrices. The Higgs field ^(x, y) is also taken to give the correct Yukawa interaction in the Dirac 
Lagrangian and expressed in the 24 x 24 matrix. We specify A^x, y), <P(x,y) and G^(x) in Eq.(2.f2) as 
follows: 

M*> +) = -\ |E t " ® + aB ^ ® l3 ' 



where A\ and -B^ are SU{2)l and U(l) gauge fields, respectively and so r fc is the Pauli matrices. I 3 
represents the unit matrix in the generation space and a is the U(l) hypercharge matrix corresponding 
to ip(x,+) in Eq.(2.1) and expressed as 



,111 111 
a = drag (-,-,-, -!,-,-,-,-!). 



(3.2) 



A„(x,-) = --bB^^l 3 , 



(3.3) 



where b is the U(l) hypercharge matrix corresponding to ij){x, — ) in Eq^^O) and so it is 8 x 8 diagonal 
matrix expressed in 

4 4 4 2 2 2 
& = diag(-,-,-,0,--, -2). (3.4) 



v 3' 3' 3' 



G^x) is denoted by 



G»(x) = - l -J2r ®\' a G;®l i 



(3.5) 



a=l 



where A /a is 4 x 4 matrix made of the Gell-Mann matrix X a by adding components to fourth line and 
column. 



X' a = 



X" 



Q 




(3.6) 



Vo o o o/ 

Higgs field <P(x, y) is represented in 24 x 24 matrix by 

Corresponding to Eq.( |3.7| ), symmetry breaking function M(y) is given by 



M(+) = 



fi 
/x 



1 4 ®1 3 , M(-)=M(+) f . 



(3.7) 



(3.8) 



It should be noted that G M is taken so as to commute with A^(y) and <P (y). With these specifications, 
all quantities needed to express the explicit expression of !F{x,y) in Eq.( [2.29 ) can be explicitly written 
down as follows. 



F^v{x,+) 



Ffj,v {x, ) 



Gfj, v {x) 



E 

^k=l 



r k <g> l 4 F, fe 



bB^ ® 1- 



^T ®A /a G£„®l 3 , 



(3.9) 
(3.10) 
(3.11) 



where 



klm a I Am 



iiv — °V Lr ! / ~ ^ U l i ' 9sJ 



(3.12) 
(3.13) 
(3.14) 



(i 



D tl <P(x,y) in Eq.(2.34) is represented in 



k=l 



D^{+) = (^(-))t = { d„h! T k A k L ^h> + h'cBj \® l 4 ® l 2 

where /i' and c are given as 

The matrix c comes from 



48 + M ^ + 



-1 
1 



r° (g) a - 6 = 



-1 
1 



l 4 = c®l 4 



(3.15) 



(3.16) 



(3.17) 



to insure that Higg s doublet h — (0 + ,</>o + //)* has plus one hypercharge and h — ir 2 h* minus one. 
V(x,y) in Eq. fl2.35 ) is expressed in 



V(x,+) = {h'h 1 ^ - ii 2 ) <8> l 4 l 3 , 
V(x,-) - (AW - m 2 ) <8> l 4 l 3 . 



(3.18) 



It should be noticed that Y(x, y) in Eq.( |2.36| ) can be estimated by use of Eq.( |3.8| ) to be 

Y(x, ±) =J2 4 (x, ±)M(±)M(tK(z, ±) 

■j 

= /i 2 5]a 4 t (x,±)a 4 (x,±) =A* 2 1 24 , (3.19) 



where use has bendequationn made of Eq.(2.16). 

Putting above equations into Eq. ( 2.3S ) and rescaling gauge and Higgs fields we can obtain Yang-Mills- 
Higgs lagrangian for the standard model as follows: 



1 3 2 1 



k=l 



1 



+\D„h\ 2 - \{rfh - /i 2 ) 2 
1 8 



(3.20) 



where 



with 



D»h=[d»- l -(Y / r k gA k L ^ + r° g'B, )]h, h 



g 2 = 9 -±. 
y 12 



2<?1<? 2 



24(4 +5-)' 

2 2 

2 2 g+g- 

7c - 9s R^2 , „2 



6(<?i + .g 2 ) 



3+5- 



352 Tra 2 + 3g 2 Tr6 2 16g 2 



0+ 
^0 + A* 



(3.21) 
(3.22) 

(3.23) 
(3.24) 

(3.25) 
(3.26) 

(3.27) 

(3.28) 



7 



Equation( |3.26 ) yields the Weinberg angle with the parameter 5 = g+/g- to be 

3 



sin V\y 



4(6 2 + 1)' 

The gauge transformation affords the Higgs doublet h to take the form that 



h 



-( ° 

V2\V + 



(3.29) 



(3.30) 



which makes possible along with Eqs.( 3.20 )^( |3.23| ) to expect the gauge boson and Higgs particle masses. 



1 + 5 2 



m 2 H 



12(4(5 2 + 1) 
1 



2 2 

g+v , 



12(^2 + 1) 



2 2 

g+v ■ 



(3.31) 
(3.32) 
(3.33) 



2 = (5/3)</ 2 is followed and, therefore, sin 2 9w = 3/8 



In the limit of equal coupling constant g + = g-, g 
which is the same value expected by the SU(5) and 50(10) GUTs. This fact makes possible to conclude 
that the limit of <?+ = g_ yields the relations that hold at the energy derived from g 2 = (5/3)(/ 2 with 
the running SU(2) L and U(l) y gauge coupling constants. However, it should be noted that the color 
gauge coupling constant g c includes an additional parameter g s as in Eq.(3.28), and so g c does not 
necessarily coincide with the SU(2) L gauge coupling constant g. Thus, contrary to SU(5) GUT without 
supersymmetry , the grand unification of coupling constants is not realized in the present scheme. In the 
next section, in order to predict the physical Higgs mass, we will perform the RG analysis with the initial 
condition induced by ran — V2mw at the energy derived from g 2 {t) = (5/3)g' 2 (t) with the running 
coupling constans. 



4 Numerical estimation of the Higgs mass 



In order to perform the RG analysis, the renormalizable Lagrangian is necessary. We have the Yang-Mills- 
Higgs Lagrangian of the standard model expressed in Eq.( 3.20| ). However, it has the special restriction 
on the gauge couplings and the Higgs quartic coupling which yield the mass relation for the Higgs and 
gauge bosons. In a sense, the restriction on coupling constants is an obstacle for renormalizability. Thus, 
we consider that the NCG approach provides the Lagrangian at some renormalization point. The more 
general Lagrangian is obtained by adding the term for the Higgs potential considered by Sitarz. He 
defined the new metric g a p with a and j3 running over 0, 1, 2, 3, 4 by g af3 = diag(+, —,—,—,—). The fifth 
index represents the discrete space Z-z. Then, dx a = (dx°, dx 1 , dx 2 , dx 3 , x) is followed. The generalized 
field strength F(x, y) in Eq.(2.22) is written by F(x, y) = F a /s(x, y)dx a A dx° where F a p{x, y) is denoted 
in Eq.( 2.23| ). Then, it is easily derived that Tr{g a/3 F a fj(x, y)} is gauge invariant. Thus, the term 



\Ti{g al3 F a p(x, y)}\ 2 = {TrV(x, y)}^{TrV(x, y)} 



(4.1) 



can be added to Eq.(3.2C). This procedure gives rise to the Lagrangian without any restriction on Higgs 
quartic coupling constants. In this article, we assume that this Sitarz term vanishes at a point that 
Eqs.(3.26)-( [3.2g| ) hold and perform the renormalization group analysis by adopting the mass relation 
ttih = \/2mw as an initial condition which holds at a renormalization point giving g+ = g- in Eq. ( 3.26| ) . 
In this context, the way to obtain the BRST invariant Lagrangian of spontaneously broken gauge theory in 
NCG has already presented by Ref.|14 and which includes the Fadeef-Popov ghosts and Nakanishi- 
Lautrup field for the gauge fixing. Thus, we can obtain the (3 functions for various coupling constants in 
the standard model just as already done.[fl6l 

Shinohara, Nishida, Tanaka and Sogami Jl^] have estimated the Higgs boson mass by changing the 
renormalization point /iq at which the mass relation mu = V2mt op holds and obtained the result that 
win approaches to mt op from the upper side for large values of fio. Following Shinohara and co-workers, 
the RG equations for coupling constants and the vacuum expectation value of the Higgs field are used 
to estimate the physical Higgs boson mass. In our case, the renormalization point at which the mass 
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relation ran = y/2mw holds is determined by looking for the point giving the relation g 2 — (5/3)</ 2 
which results in sin 2 6w = 3/8. 

Let us start by writing the RG equations for coupling constants in the standard model. With notations 

93 = 9c 92 = 9, 9i = \j^g' (4.2) 

for SU(3) C , SU(2)l and U(l)y gauge coupling constants, respectively, the RG equations are written as 

M^ = ft, «i = £ (i = l,2,3), (4.3) 



where [n6l 



^ = l(r f + ±)al (4.4) 
1 /22 3 . . ., 

1 /33 4 \ 2 



with the generation number n f . The RG equation of the quartic Higgs coupling constant A is expressed 
as 

data A 
*-^=Ph, a H =-, (4.7) 



where | JL6| 

6 2 9 9 27 2 9 9 

Ph = —oltt o.ff^ a.ffO.2 H oii H ai«2 H 

M 7T H 20tt 4tt 800tt 1 80tt 32tt 



+ ^Tr {(A\A e ) + 3(AlA u ) + 3(4^)} a H - JL {{A\A e f + 3(AU«) 2 + 3(A^) 2 ^) 



A e , A u and Ad in Eq.( [4.8[ ) are the Yukawa coupling constants written in 3 x 3 matrices for the lepton, 
up quark and down quark sectors, respectively. In view of the large top quark mass in the low energy 
region, we now assume the top quark dominance in the evaluation of traces with respect to the Yukawa 
coupling constants in Eq.(|4.8|). In this approximation, (3h is rewritten [[16] as 



6 2 9 9 27 2 9 9 2o! 3 , , t n . 

Ph = -a H -—a H ai-—a H a2 + ^^a 1 + —a 1 a 2 + —a 2 +3-aYa H -—a Y (A.9) 

IT Z{JTT 47T OUU7T 0\)TT OZ7T 7T Z7T 



with the definition that 



I (^4^)33 1 2 1 n\ 

ay = 4?r ■ (4.10) 



ay is subject to the following RG equation. 



^ = /V, (4.11) 



where the 0— function is given as 



av ( 9 17 



The RG equations for 014 (i = 1,2,3) in Eq.(4.3) are analytically solved for rif = 3 and the solutions 
are given as 

ai(0) 41 , (4-13) 

a 2 (t) = a2(0) 19 , (4.14) 

l + a 2 (0)—t 

a 3 (t) = Q3(0) ? , (4.15) 
l + a8 (0)_t 
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where t = \og(fj,/ fjP). By use of these solutions, the RG equation for ay can be solved to be 



a Y {t) = F(t) 
where the function F(t) is defined [081 as 



ay(0) 



1 - a Y (0) 



-in 



F{t')dt' 



(4.16) 



F(t) 



aijt) 
ai(0) 



-17/82 



a2(t) 
a 2 (0) 



27/38 



Q!3 



8/7 



a 3 (p)J 



(4.17) 



with the condition F(Q) = 1. 

Masses of all particles in the standard model are introduced by the vacuum expectation value v of 
the Higgs field. From Eqs.(p6|)-(p8|) and (pl])-(p3|), 



/?? 



w 



-a 2 v 2 , m% 



Ct 2 



;Qi I v 2 m 2 H — 8naHV 2 



4 ^ 4 V 5 

are given by use of the vacuum expectation value v. Top quark mass is also expressed with v as 



mtop = (A u ) 33 — = ^Jl-nayv. 



(4.18) 



(4.19) 



In order to analyze the RG evolution of these masses, we need the RG evolution of v. It is given |l6|] in 
the following equation. 

dv v / 9 9 \ _ 

1 *-* *) (4 - 20) 

with the same approximation as in the equations for coupling constants. It should be noted that all 
variables in Eqs.( ll^ )-( |4.2C ) depend ont = log(^///°). 
Eq.(4.20) is analytically solved to result in 



v(t) = v(0) 



( oiy(t) \ / ai(t) 



\a Y (Q) 



ai(0) 



-7/492 / M \ -9/76 / /,n 

' a 2 (t) \ I a 3 (t) 



O2(0) 



V"3(0) 



8/21 



(4.21) 



with t = log(/i//i°). In these RG equations, we take the renormalization point fio to be the neutral 
gaug e bos o n ma ss mz — 91.187GeV|0. Thus, we must determine the gauge coupling constants in 
Eqs.( [4.13D -(p^) and v(0) in Eq. Q4.2lD at /i = m z . They takes the values @ 



ay (0) = 0.017, a 2 (0) = 0.034, a 3 (0) = 0.12 



and 



«(0) 



= 246GeV. 



According to Eq.( 4.19j ), the physical top quark mass mt op satisfies the equation 

m t0 p = ^j2naY(ttop)v(t t0 p): 



(4.22) 
(4.23) 

(4.24) 



where t top = log(m t0 p/mz). This equation along with Eqs.(4.16), (4.17) and ( 1.22] ) fixes the numerical 
value of ay(0) which depends on the physical mass m top . 

Let us consider to solve the RG eq u ation in Eq^^) by adopting the mass relation m# = ^/2mw as 
the ini tial condition. From Eqs.( 3.26 ), ( 3.31 ) and ( 3.33 ), this mass relation lead s to the relation g\ = g 2 
in Eq. (|4.2| ). Then, according to Eqs.( 4T3|) and ( 4.14 ) together with Eq.( 4.22 ), we can determine the 
renormalization point to at which ran = v2mw holds. The numerical value of to is 



t = 25.431. 



From Eq.(4.18), the initial condition of Eq.(4.7) is determined as 

a H {to) = T^a 2 {to)- 
16 



(4.25) 



(4.26) 
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With these considerations, we can find the running Higgs boson mass from Eq.(4.18) as 



(t) = ^^a H {t)v{t). 



(4.27) 



The physical Higgs boson mass m# is given by imposing the condition that 



m H = y/8na H (t H )v(t H ) 



(4.28) 



with tn — \og{rriH lmz)- 

Top quark mass m top reported by particle data group |l7j] is given as 



m top 



= 180 ± 12GeV. 



(4.29) 



We investigate the Higgs boson mass by varying the top quark mass in the range of Eq.( 4.29| ). Fig.l 
shows the running Higgs boson mass for the top quark mass 180GeV. The intersection of two functions 
y = m H (t) and y = m z exp (t) indicates the position of the physical Higgs boson mass m H , which 
gives m H — 171.92GeV. Fig. 2 shows the relation of the Higgs boson and top quark masses in which 
the top quark mass varies from 168GeV to 192GeV according to the experimental data in Eq.( 4.29| ). 
Corresponding to the variation of top quark mass, the Higgs boson mass varies from 153.42GeV to 
191.94GcV. 



200 



100 




190 



I Ml 



170 



160 




Fig.l: t — log(^/m z ) and a curve of y = 
m H (t) shows the running Higgs boson mass 
numerically calculated according to Eq.(4.27). 
An intersection of two curves indicates the po- 
sition of the physical Higgs boson mass from 
which we can read m„ = 171.92GeV. 



Fig. 2: This figure shows the relationship be- 
tween the Higgs boson and top quark masses. 
Corresponding to the variation of top quark 
mass, the Higgs boson mass varies from 
153.42GeV to 191.94GeV. 



5 Concluding remarks 

The RG analysis has been carried out for the Higgs boson mass by adopting the initial condition induced 
by rriH = \/2mw which was presented in the new scheme of NCG |^ for the reconstruction of the 
standard model. This mass relation together with sin 2 9 W = 3/8 holds under same condition that 
g+ = g- (see Eqs.(3.25) and (3.26) which yields g 2 = (5/3)</ 2 with the 811(2)^ and gauge coupling- 

constants. However, it s hould be noted that the color gauge coupling constant g c includes an additional 
parameter g s as in Eq.( 3.2S , and so g c does not necessarily coincide with the SU(2) L gauge coupling 
constant g. Thus, contrary to SU(5) GUT without supersymmetry , the grand unification of coupling 
constants is not realized in the present scheme. In solving the RG equation we use these relations as initial 
conditions not inconsistent with the current observation of the grand unification of coupling constants. 

The numerical mass of the Higgs boson considerably depends on the top quark mass since the top 
quark Yukawa coupling constants at gives a negative contribution to 0h in the range of ^2.0 < t < 25 
in Eq.(h9). We have the initial condition induced by mn = V2m\y at t — 25.431 and the calculation 
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has performed down to t = —2. The larger top quark mass is, the larger Higgs boson mass we have 
as in Fig. 2. If we adopt 180GeV as top quark mass, the Higgs boson mass becomes 171.92GeV which 
is smaller than that predicted by Shinohara and co-worker. If we use the data reported by Dawson 
p9[ , m H = 164.01GeV for m t0 p = 175GeV. Generally speaking, the NCG approach provides the Yang- 
Mills- Higgs Lagrangian with the restrictions on gauge and Higgs quartic coupling constants. Our mass 
relation ran = V2m\y is with respect to gauge and Higgs boson masses, whereas other version of NCG 
j|, j[l) including Sogami's approach (l| present the mass relation between the Higgs boson and top 
quark. This is because the Yukawa coupling constants written in matrix form in the generation space 
are not contained in the generalized gauge field in our formulation. This aspect is a characteristic point 
of our approach compared to others. This is due to the introduction of one-form basis d M in M4 and x 
in Zi instead of 7^ and 7°. This leads to the meaningful Higgs potential even in one fermion generation 
and the mass relation for the Higgs and gauge bosons. Therefore, we predict relatively small Higgs boson 
mass as seen in this article. 

Calculations have performed within one loop approximation and top quark dominance is assumed 
in the whole range of t — log(n/mz) in the RG equations for (3 functions. Though there are fairly 
uncertainties with respect to Yukawa coupling constants for three generations of fermions, it is very 
interesting to analyze the RG equations for the Higgs boson mass in two loop approximation. This will 
be attempted in future work. 
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